
Self-reference

Peter J. Cameron

How the Light Gets In, 1 June 2013

My point of view is that, rather than causing the castle of mathematics
to collapse, paradoxes such as self-reference are springboards to further
creativity.

The best-known paradox of self-reference is the following. Suppose I
have a card, on which is written
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The statement on this card
is false

Is the statement true or false? If it is true, then it is false; if it is false, then
it is true. So we cannot assign a truth value to it.

Now what about a card with
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The statement on this card
is true

Your first reaction is probably to think it is true. But I can, with equal
consistency, claim that it is false. (If it is true, then it is true; if it is false,
then it is false.) There is no way of deciding.
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In these cases, it is tempting to say that such a self-referential statement
is meaningless; simply ink marks on paper with no relation to the world.
But what about this one?
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The statement on this card
is not provable

This card is self-referential but also refers outside itself, to a mathematical
system in which such proofs can be done. First, observe that if the state-
ment is true then, indeed, it is not provable; if it is false, then it is provable,
and hence the system in which we are trying to prove it is inconsistent
since false statements can be proved.

The great idea in the proof of Gödel’s Incompleteness Theorem is that
the statement in the third card can be “translated” into an arithmetical
formula, for which the notion of mathematical proof does indeed apply.
So Gödel was able to show that any mathematical system strong enough
to perform this translation is either inconsistent (it proves false statements)
or incomplete (it fails to prove true statements).

We have leapt from a logical puzzle to an important mathematical re-
sult!
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