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Preface

On a visit to Universidade de Lisboa in November 2016, I was asked to give
a “crash course” in group theory. The only specifications were that the course
should cover both finite and infinite groups and should be accessible to students.

This is a tall order. I have tried to meet it by starting at the beginning, moving
fairly fast, omitting many proofs (this means leaving many proofs to the reader).
But I hope the result is still of some use, so I am making the notes of the course
available.

There is a clear focus in the chapter on finite groups: we want to be able to
describe them all. The Jordan–Hölder theorem reduces the problem to describing
the finite simple groups and how general groups are built out of simple groups: the
Classification of Finite Simple Groups solves the first part; a discussion of groups
of prime power order shows that we cannot expect a nice solution to the second.

For infinite groups, such a focus is much more difficult to obtain. There is no
general theory of infinite groups, and group theorists have imposed various finite-
ness conditions on their groups. I discuss, somewhat in the manner of a tourist
guide, free groups, presentations of groups, periodic and locally finite groups,
residually finite and profinite groups, and my own interest, oligomorphic permu-
tation groups.

I thank the students for their interest and their questions.

v



CHAPTER 1

Finite groups

The theory of finite groups has seen a huge breakthrough in the last half-century:
the Classification of Finite Simple Groups. My aim in this chapter is to introduce
group theory, and to develop enough of the theory of finite groups that you can
understand why this classification is important and the kind of problems to which
it has been applied.

1.1 What is a group?

By this question, I mean not just what the definition of a group is, but how we
might think about groups.

By way of illustration, in Alexander Masters’ biography of Simon Norton, The
Genius in my Basement, the biographer thinks that the birth of group theory was
the moment when the axioms for a group were first written down, and is horrified
to find that his subject hasn’t the faintest idea of when this happened or who wrote
the axioms down!1 In fact, at that point, group theory was a fairly mature subject;
it had existed for a century, and some major theorems had been proved. So in
what sense was this activity “group theory”?

I’ll distingish three types of object which have been regarded as groups. (This
is not a strict historical account; rather, it is to show where our present definition

1It was Walther von Dyck, in 1882.
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2 Chapter 1. Finite groups

came from.)

Symmetry groups. The symmetry group G of a mathematical object O is the set
of all transformations of O which preserve its structure.

Lewis Carroll wrote:

You boil it in sawdust: you salt it in glue:
You condense it with locusts and tape:
Still keeping one principal object in view –
To preserve its symmetrical shape.

Note that

(a) every element of G is a bijection;

(b) the composition of symmetries is a symmetry;

(c) the identity transformation, which leaves everything where it is, is a sym-
metry;

(d) the inverse transformation of every symmetry is a symmmetry.

Exercise: Take some familiar objects (a regular polygon, the Euclidean plane),
and describe the symmetries.

Transformation groups (or permutation groups). Let Ω be a set. A transfor-
mation group on Ω is a set G of transformations of Ω (maps Ω→Ω) satisfying

(a) G is closed under composition;

(b) the identity transformation belongs to G;

(c) G is closed under taking inverse transformations.

(Implicit in the third condition is that the elements of G are bijections; otherwise
they would not have inverses.)

Clearly any symmetry group is a transformation group. The converse is also
true: this means that, given any transformation group G, we can find an object
O of some kind such that G is the symmetry group of O. The construction is
not enlightening. However, there is a good question here, which has been much
investigated:
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Question: Given a type of mathematical object (graph, partial order, field),
which transformation groups are symmetry groups of an object of this type?

Abstract groups. Now we come to the modern definition. A group G is a set of
elements with a binary operation called “multiplication” (this means a map from
G×G to G, where the image of (a,b) is usually written as the juxtaposition ab)
satisfying

(a) the associative law holds: a(bc) = (ab)c for all a,b,c ∈ G;

(b) there is an element e ∈ G such that ea = ae = a for all a ∈ G;

(c) for any a ∈ G, there is an element a∗ ∈ G such that aa∗ = a∗a = e.

The element e is unique, and for each a there is a unique a∗. (Exercise: Prove
this!) We call e the identity, and usually write it as 1; and a∗ the inverse of a,
usually written a−1.

The associative law means that we can write a(bc) or (ab)c unambiguously as
abc. It follows that the product of any number of elements is independent of the
bracketing, so we can write a1a2 · · ·an unambiguously. (Exercise: Prove this!)

Now any transformation group is an (abstract) group. (The essential part of
the argument is that composition of transformations is always associative: writing
maps on the right so that xa is the image of x ∈Ω under a ∈ G, we have

x(a(bc) = (xa)(bc) = ((xa)b)c) = (xab)c = x((ab)c).

Conversely, given an abstract group G, there is a transformation group which
is isomorphic to G, in the sense that the elements correspond in a bijective fash-
ion and composition of transformations corresponds to multiplication of group
elements.

This famous result is Cayley’s theorem. I outline the proof. We take Ω = G
and, for each a ∈ G, let Ta be the operation of right multiplication by a: xTa = xa.
Then

• if a 6= b then 1Ta = a 6= b = 1Tb, so Ta 6= Tb;

• {Ta : a ∈ G} is a transformation group (this is for you to prove);

• xTaTb = (xa)Tb = (xa)b = x(ab) = xTab, so the transformations compose in
the same way that the group elements multiply.
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This theorem then closes the circle, and shows that groups as defined by the
axioms are “the same thing” as transformation groups.

Cayley’s name is also attached to another object, the Cayley table or multipli-
cation table of a group. The two things are connected. Here is an example of a
group of order 4:

· g1 g2 g3 g4
g1 g1 g2 g3 g4
g2 g2 g1 g4 g3
g3 g3 g4 g1 g2
g4 g4 g3 g2 g1

This table gives the group multiplication: for example, to find the product of g2
and g3, we look in the row labelled g2 and the column labelled g3, and find the
element g4.

Now we see that the translations Ta just described above are given by the
columns of this array. So, ignoring the letters g, the columns of the table give us a
group of permutations isomorphic to the group we started with. These are(

1 2 3 4
1 2 3 4

)
,

(
1 2 3 4
2 1 4 3

)
,

(
1 2 3 4
3 4 1 2

)
,

(
1 2 3 4
4 3 2 1

)
(the transformation corresponding to each symbol sends each element in the top
row to that beneath it in the bottom row). In the more usual cycle notation (which
we define later), they are

(1)(2)(3)(4),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3).

Note that we use columns rather than rows because of our convention that maps
are written on the right. (In the above case it doesn’t matter, since the group is
commutative: ab = ba for all a,b ∈G (which is shown by the fact that the Cayley
table, as a matrix, is symmetric).

Why doesn’t an abstract group need a “closure” axiom? Multiplication is a
binary operation, so by definition for any a,b ∈ G there is a product ab ∈ G.
However, many authors give this as the first of four axioms for a group. We will
see the reason for this later.

Nowdays, “group” means “abstract group” in the sense defined above. The
advantage is that it is independent of the means of representation. The elements
of a group might be numbers (with the operation of addition, or with the operation
of multiplication); transformations (with the operation of composition); matrices
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(with the operation of matrix multiplication); or something else entirely, such as
groups defined on the set of points of an elliptic curve by a geometric construction.

To formalise something said informally above:

Definition Two groups G1 and G2 are isomorphic if there is a bijection θ : G1→
G2 such that, for all a,b ∈ G1,

(ab)θ = (aθ)(bθ).

(On the left, the multiplication ab is in G1; on the right, the multiplication
(aθ)(bθ) is in G2.) We use the notation G1 ∼= G2 to mean “G1 is isomorphic
to G2”.

A group theorist regards isomorphic groups as “the same”, even when the way
they are represented is quite different.

However, when a group theorist thinks of a particular group, she thinks of a
concrete representation of it, which is probably as a permutation group (or trans-
formation group), or as a matrix group.

For example, the symmetric group Sym(Ω) is the transformation group con-
sisting of all permutations of Ω. If Ω = {1, . . . ,n}, this is often written as Sn, and
called the symmetric group of degree n. Do not confuse “symmetric group” with
“symmetry group”. [The symmetric group is the symmetry group of a set with no
additional structure.]

There is a question here, also, related to one we asked earlier:

Question: Given a type of mathematical object (graph, partial order, field),
which (abstract) groups are symmetry groups of an object of this type?

For example, it is known that every group is the automorphism group of a
graph; and indeed, many properties of the graph can be specified and this fact
remains true. On the other hand, one of the biggest open problems in mathematics,
the Inverse Galois Problem, asks whether every finite group is the automorphism
group of a field which is a finite extension of the rational numbers. However, we
will not pursue this topic further.
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1.2 Subgroups

A subset H of a group G is a subgroup of G if it is a group in its own right,
with the restriction of the group operation in G.

This implies, for example, that for all a,b ∈ H, we have ab ∈ H; in other
words, the closure “axiom” holds. We put it in so that we don’t forget that it needs
to be checked! It also implies that the identity element of G belongs to H, soo that
H must be non-empty. (Exercise: Prove that the only possible candidate for the
identity of H is the identity of G.)

We write H ≤ G to mean that H is a subgroup of G. If in addition H is not
equal to G, we write H < G.

Proposition 1.1 For a non-empty subset H of G, the following are equivalent:

(a) H is a subgroup of G;

(b) for all a,b ∈ H, we have ab ∈ H and a−1 ∈ H;

(c) for all a,b ∈ H, we have a−1b ∈ H.

Remark: We don’t have to require that the associative law holds in H, since it
is a “universal” law holding for all elements of G, and so certainly for all elements
of H.

With this language, we can state Cayley’s theorem as follows. We write |G|
for the order of G, the number of elements in G.

Theorem 1.2 (Cayley’s theorem) Any group G is isomorphic to a subgroup of
Sym(G). If G is finite and |G|= n, then G is isomorphic to a subgroup of Sn.

Now we come to what is possibly the most important theorem in group theory.
If you are familiar with algebraic structures such as semigroups or loops, you will
know that no such result holds for them. I will state it here with a sketch proof for
finite groups. In the next section, we will see some of its true significance.

Theorem 1.3 (Lagrange’s theorem) Let G be a finite group, and H a subgroup
of G. Then the order of H divides the order of G.

If H ≤ G and g ∈ G, the right coset Hg is defined to be

Hg = {hg : h ∈ H}.

Now Lagrange’s Theorem follows from two facts, which hold in any group, finite
or infinite:
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(a) the right cosets of H form a partition of G (that is, they are pairwise disjoint
and cover G);

(b) the map H→ Hg given by h 7→ hg is a bijection from H to Hg.

We note in passing that left cosets are defined similarly, and have similar prop-
erties.

Also note that, if g′ is any element of the coset Hg, then Hg′ = Hg. In other
words, every element of a coset can be used as its representative. The system is
perfectly democratic: there is no preferred representative (except for the fact that
most group theorists have a bias towards using the identity as the representative
for the coset H).

Exercise Prove that, if X is a right coset of H, then

X−1 = {x−1 : x ∈ H}

is a left coset of H. Deduce that the numbers of left and right cosets are equal
(even if G is infinite).

The index of a subgroup H of G, written |G : H|, is the number of (right or left)
cosets of H in G. For a finite group G and subgroup H, we have |H| · |G : H|= |G|.

Let G be a group, and S ⊆ G. The subgroup generated by S is defined to be
the smallest subgroup of G which contains S. It can be described as the set of
all products of elements of S and their inverses (including the “empty product”
which, by convention, is taken to be the identity). We write 〈S〉 for the subgroup
generated by S, and we say that S generates G if 〈S〉= G.

Now Lagrange’s theorem has the following consequences.

Corollary 1.4 (a) A group of order n can be generated by at most log2 n ele-
ments.

(b) The number of non-isomorphic groups of order n is at most nn log2 n.

Proof We choose elements s1,s2, . . . in order so that si /∈ 〈s1, . . . ,si−1〉, as long as
possible: the process stops when we have generated G. Now let Hi = 〈s1, . . . ,si〉.
Then Hi−1 < Hi, so by Lagrange’s theorem, |Hi| ≥ 2|Hi−1|. By induction, |Hi| ≥
2i. So the process must terminate before 2i > |G|, proving (a).

For (b), we use Cayley’s theorem: every group of order n is isomorphic to a
subgroup of Sn. So we only have to bound the number of subgroups of order n
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in Sn. Now such a subgroup is generated by r elements, where r ≤ log2 n. Since
Sn has order n!, the number of choices of r elements in Sn is at most (n!)r ≤ nnr,
giving the result.

With a lot of additional effort (including the use of the Classification of Finite
Simple Groups), this bound for the number of groups of order n has been improved
to nc(logn)2

, which is best possible.
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1.3 Group actions

Let G be a group and Ω a set. An action of G on Ω is a function µ : Ω×G→Ω

satisfying

(a) µ(µ(x,g),h) = µ(x,gh) for all x ∈Ω, g,h ∈ G;

(b) µ(x,1G) = x for all x ∈Ω.

You see that these axioms correspond to the closure and identity axioms; you
might wonder why the inverse axiom is missing. It is not necessary, since

µ(µ(x,g),g−1) = µ(x,gg−1) = µ(x,1G) = x,

and similarly the other way round.
For any g ∈ G, define a function πg : Ω→Ω by

xπg = µ(x,g).

Then one can show that

(a) πg is a bijective map;

(b) {πg : g ∈ G} is a transformation group;

(c) πgh = πgπh.

Warning, this transformation group may not be isomorphic to G, since in general
the map g 7→ πg is not one-to-one.

We usually write xg instead of µ(x,g) or xπg (if we have just one action of G
in mind). Then the axioms for an action become

(a) x(gh) = (xg)h,

(b) x1G = x.

The first looks like the associative law, but isn’t really, since x and g live in differ-
ent universes (Ω and G respectively).

Let G act on Ω. For x,y ∈Ω, we write x≡ y if there exists g ∈ G with xg = y.
This is an equivalence relation. (The reflexive, symmetric and transitive laws
come immediately from the identity, inverse, and closure laws for an action.) The
equivalence classes are called the orbits of the action, or of G if the action is clear.
So the orbit of x is the set of all points that can be reached from x by acting on it
with elements of G.
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Note that G has an action on each orbit, obtained by restriction of the given
action on Ω.

For x ∈Ω, the stabilizer of x is the set

Gx = {g ∈ G : xg = x}.

Exercise: Gx is a subgroup of G.
We say that an action is transitive if there is just one orbit. So, given any action

of G, we can uniquely decompose the set Ω into sets affording transitive actions
of G. This is the first structure theorem for group actions: any group action is
uniquely the disjoint union of transitive actions.

We now turn to the second structure theorem, which is a description of the
transitive actions of G.

Let H be a subgroup of G. We write G : H for the set {Ha : a ∈ G} of right
cosets of H in G. (Recall that these form a partition of G.) Thus, |G : H|, the index
of H in G, is just the cardinality of G : H. Then there is an action of G on G : H
given by µ(Ha,g) = Hag (or, in our brief notation, (Ha)g = H(ag)). This action
is transitive: we can get from Ha to Hb by acting with a−1b. We call this a coset
action of G.

Proposition 1.5 A transitive action of G on Ω is isomorphic to the coset action
on G : H, where H = Gx.

Remark We haven’t formally defined isomorphism of actions: this should be
a bijection between the sets on which G acts so that the maps πg correspond for
each g ∈ G. Can you write out a formal definition?

Proof As usual I will not give a full proof, but outline the argument. Fix x ∈ Ω.
To each y ∈Ω, we consider the set

S(y) = {g ∈ G : xg = y}.

These sets are clearly disjoint and cover G; the assumption that the action is tran-
sitive shows that each is non-empty. So they form a partition of G. Now we have
S(x) = Gx, and it is not hard to show that S(y) is a right coset of Gx for each y∈Ω.
So we have a natural interpretation of the cosets, and the argument for Lagrange’s
theorem is seen more clearly. Now the map x 7→ S(x) is the required isomorphism.

Indeed, if G acts transitively on Ω, we have |G|= |Ω| · |Gx| for x ∈Ω. This is
the Orbit-stabiliser theorem.
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1.4 Homomorphisms and normal subgroups

Let G and G′ be groups. A homomorphism from G to G′ is a map θ : G→ G′

satisfying
(ab)θ = (aθ)(bθ)

for all a,b ∈ G. (So, like an isomorphism, but not required to be a bijection.)
If we have an action of G on a set Ω, then the function θ : G→ Sym(Ω),

defined by the rule that gθ is the map taking x to xg for all x ∈Ω, is a homomor-
phism. (Note that gθ really is a permutation.)

Let θ : G→ G′ be a homomorphism. The image of θ is as usual the set

{aθ : a ∈ G}.

It is a subgroup of G′. We write it as Im(θ).
The kernel of θ is the set

{a ∈ G : aθ = 1G′}.

It is a subgroup of G, which we write as Ker(θ).
The kernel K of a homomorphism has an extra property, which can be written

in any of the following equivalent forms:

(a) gK = Kg, for all g ∈ G (left cosets equal right cosets);

(b) g−1Kg = K, for all g ∈ G;

(c) for all g ∈ G and k ∈ K, we have g−1kg ∈ K.

A subgroup K having these equivalent properties is called a normal subgroup.

Exercise: Show that a subgroup of index 2 in a group G is normal.

Let K be a normal subgroup of G. We define an operation on the set G : K of
right cosets of K in G by the rule

(Ka)(Kb) = Kab.

You have to prove that this operation is well-defined; that is, if we used different
representatives a′ and b′ of the cosets Ka,Kb, the element a′b′ might be different
but would lie in the same coset as ab. The proof uses the fact that K is a normal
subgroup.

We use the notation G/K for the set of right cosets of K with this operation.
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Proposition 1.6 If K is a normal subgroup of G, then G/K is a group.

The group G/K is called the quotient group or factor group of G by K. The
map g 7→Kg is a homomorphism from G to G/K: its image is G/K, and its kernel
is K. (Show this!) This is the natural homomorphism from G to G/K.

Theorem 1.7 (First isomorphism theorem) If θ : G→ G′ is a homomorphism,
then

(a) Im(θ) is a subgroup of G′;

(b) Ker(θ) is a normal subgroup of G;

(c) G/Ker(θ) is isomorphic to Im(θ).

Remark To prove that a subset of G is a normal subgroup, it is often easiest
to show that it is the kernel of a homomorphism: we don’t even have to prove
separately that it is a subgroup! Here is an example.

Let F be a field. Let G be the transformation group on F consisting of all maps

τa,b : x 7→ ax+b

for a,b ∈ F , a 6= 0.

(a) Show that G is a group. (You will need to calculate the composition of two
elements τa1,b1 and τa2,b2 of G. You will need the result of this calculation
in the next part.)

(b) Show that
N = {x 7→ x+b : b ∈ F}

is a normal subgroup of G, and that G/N is isomorphic to the multiplicative
group of F . (You save yourself a lot of effort by observing, from your
composition in (a), that the map θ : G→ F× given by

τa,bθ = a

is a homomorphism. What is its kernel? What is its image?)

(c) Show that N is isomorphic to the additive group of F . (Bare hands here!)

We use the notation K EG to mean “K is a normal subgroup of G”. If it is not
equal to G, we write K CG.



1.4. Homomorphisms and normal subgroups 13

Exercise If H is a subgroup of G, and g ∈ G, show that g−1Hg is a subgroup of
G, and is isomorphic to H. The subgroup g−1Hg is called a conjugate of H, and
sometimes written Hg.

Thus a subgroup is normal if it has only one conjugate, namely itself.
Show that the relation of conjugacy is an equivalence relation on subgroups of

G.
We can also talk about conjugate elements: a1 and a2 are conjugate if a2 =

h−1a1h for some element h∈G. Show that an element a is conjugate only to itself
if and only if it commutes with every element in G: ah = ha for all h ∈ G. Show
further that the set of elements with this property is a normal subgroup of G. (This
subgroup is called the centre of G (this is center in US English!), written Z(G)
(from the German Zentrum, centre).

There are two more isomorphism theorems which I state here for reference.

Theorem 1.8 (Second isomorphism theorem) Let K be a normal subgroup of
G. There is a bijection between subgroups of G containing K and subgroups
of G/K (where H, with K ≤ H ≤ G, corresponds to H/K), with the additional
property that if a subgroup of G containing K is a normal subgroup of G, the
corresponding subgroup of G/K is a normal subgroup of G/K, and vice versa.
Moreover, if L is such a subgroup, then

G/L∼= (G/K)/(L/K).

This is sometimes called the Correspondence theorem.

Theorem 1.9 (Third isomorphism theorem) If K is a normal subgroup of G,
and H is any subgroup of G, then

(a) HK = {hk : h ∈ H,k ∈ K} is a subgroup of G containing K;

(b) H ∩K is a normal subgroup of H;

(c) H/(H ∩K) = HK/K.

To see this, consider the natural homomorphism from G to G/K, and restrict
it to H; show that the image is HK/K, and the kernel is H ∩K. Now apply the
first and second isomorphism theorems.
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1.5 Examples of groups

In this section we look at various examples of finite groups, most of which
play a role later in the story.

1.5.1 Cyclic groups

The transformations of the Euclidean plane given by rotations about the origin
through multiples of 2π/n, for a positive integer n, form a group of order n. If gk
denotes the rotation through 2kπ/n, then gk = gk

1, and the elements of the group
can be written as

Cn = {g1,g2 = g2
1, . . . ,gn−1 = gn−1

1 ,1 = gn
1}.

Higher powers of g1 just cycle through the elements again. This is the cyclic group
of order n.

This can be looked at another way. Any group of order n in which all the
elemnts are powers of a single one is isomorphic to the cyclic group of order
n. In particular, if we choose any element g in any finite group G, then there
will be a smallest positive integer for which the powers of g begin to repeat: say
gk+n = gk for some n > 0. Multiplying by g−k, we see that gn = 1, and the powers
{1,g,g2, . . . ,gn−1} form a cyclic group of order n. Note that Cn = 〈g〉.

The least positive integer n such that gn = 1 is called the order of the element
g. In an infinite group, there may be no such n, in which case we say that g has
infinite order.

Cyclic groups have one very nice property, which is not shared by all groups,
as we shall see.

Theorem 1.10 (a) Let G be the cyclic group of order n generated by g. Then,
for any d which divides n, there is a unique subgroup of G of order d,
generated by gn/d; and these are all the subgroups of G.

(b) Let G be the infinite cyclic group generated by g. Then, for every positive
integer n, the element gn generates a subgroup of g of index n; apart from
{1}, these are all the subgroups of G.



1.5. Examples of groups 15

1.5.2 Direct products

One method of creating new groups from old is the direct product construc-
tion.

Let G and H be groups. Let G×H be the set of ordered pairs (g,h), with g∈G
and h ∈ H. We define an operation on G×H “coordinatewise”, by the rule

(g1,h1)(g2,h2) = (g1g2,h1h2).

It is not too hard to show that, with this operation, G×H is a group, called the
direct product of G and H.

This construction is easily extended to the direct product of any finite number
of groups. (The infinite case is just a little bit more complicated, and we leave this
until later.)

This construction actually allows us to produce all finitely generated abelian
groups. (A group G is called abelian if the commutative law holds, that is, g1g2 =
g2g1 for all g1,g2 ∈ G.)

Theorem 1.11 (Fundamental theorem of abelian groups) Any finitely generated
abelian group is isomorphic to a direct product of finitely many cyclic groups.

There is more to it: we can put extra conditions on the decomposition so as that
the factors are uniquely determined. The next exercise shows why some condition
is needed.

Exercise: Show that C2×C3 is isomorphic to C6.
If we want to count the groups, we need to resolve this. In fact the stronger

version of the theorem goes like this,

Theorem 1.12 Any finitely generated abelian group can be written in the form

Cn1×Cn2×·· ·×Cnr ×C∞×·· ·×C∞

where n1 > 1 and ni divides ni+1 for i = 1,2, . . . ,r−1. This expression is unique;
that is, if the same group is also written as

Cm1×Cm2×·· ·×Cms×C∞×·· ·×C∞

with m1 > 1 and m j divides m j+1 for j = 1, . . . ,s, then

(a) r = s and mi = ni for i = 1, . . . ,r;

(b) the number of infinite factors is the same in both expressions.
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Example The group C4×C6 is not of the above form. But

C4×C6 ∼=C4× (C2×C3)∼=C2× (c4×C3)∼=C2×C12,

which is of the correct form.

Example How many abelian groups of order 16 are there? We must express 16
as a product of numbers greater than 1, each dividing the next. We have

16 = 2 ·8 = 4 ·4 = 2 ·2 ·4 = 2 ·2 ·2 ·2,

so there are five such groups.

Remark This is not really a theorem of group theory, but of the theory of mod-
ules over Euclidean domains. Abelian groups can be regarded as modules over the
ring Z, and the general structure theory gives the above results. Another Euclidean
domain is the polynomial ring over a field, and the theory there gives canonical
forms for matrices.

1.5.3 Dihedral groups

The dihedral group of order 2n is the group of symmetries of a regular n-
gon. There are n rotations, forming a cyclic group of order n; and n reflections
which turn the figure over. If n is even, then n/2 of the reflections are in lines of
symmetry joining two oposite vertices, and n/2 are in lines joining the mid-points
of opposite sides; if n is odd, every line of symmetry joins a vertex to the midpoint
of the opposite edge. The figure below shows the case n = 4. The square is shown
in black, and the lines of symmetry in blue.
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With the vertices numbered as shown, we can represent the dihedral group by
permutations:

rotations: identity, (1,2,3,4), (1,3)(2,4), (1,4,3,2).

reflections: (1,2)(3,4), (1,4)(2,3), (2,4), (1,3).

(This uses the cycle notation for permutations, to be explained shortly.
Sadly, group theorists cannot agree on a notation for the dihedral groups.

Some call the group I have defined Dn, while others call it D2n. Beware!
In three dimensions, the reflections of the polygon can be realised as rotations.

There are other interesting three-dimensional rotation groups associated with
the five regular polyhedra. Because four of the five polyhedra come in two dual
pairs, there are only three groups:

• the tetrahedral group, isomorphic to A4;

• the group of the octahedron and the cube, isomorphic to S4;

• the group of the icosahedron and the dodecahedron, isomorphic to A5.

The full symmetry groups (including reflections as well as rotations) are S4, C2×
S4, and C2×A5 respectively. (Here A4 and A5 are the alternating groups of degree
4 and 5, which we will meet formally in the next section.)

It is a good exercise to identify these groups. In particular, can you see why
the symmetry group of the tetrahedron is S4 and not C2×A4?

1.5.4 Symmetric and alternating groups

We look a little more closely at the symmetric group Sn.
A permutation g of {1, . . . ,n} is a cycle if there are elements a1, . . . ,ar such

that
a1g = a2,a2g = a3, . . . ,ar−1g = ar,arg = a1.

We write this permutation as (a1, . . . ,ar).
Note that we could start the cycle at any point; it will return to that point after

the same number of steps.

Proposition 1.13 Any permutation g of {1, . . . ,n} can be written as a product of
disjoint cycles, uniquely apart from the order of the cycles and the chosen starting
points of the cycles.
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This is nothing new: it is just the orbit decomposition of {1, . . . ,n} for the
action of the cyclic group generated by g.

Sometimes, for convenience in writing, we omit cycles of length 1; but for
what follows, we need to include these as well. The cycle structure of a permuta-
tion g is the partition of n giving the lengths of the cycles of g in decreasing order.
So (1)(2,5)(3,7)(4,6,8) has cycle structure [3,2,2,1] (I use square brackets to
distinguish it from a permutation!)

Proposition 1.14 Two permutations g1,g2 ∈ Sn are conjugate (that is, g2 = h−1g1h
for some h ∈ Sn) if and only if they have the same cycle structure.

A transposition is a permutation with a single 2-cycle, all other points being
fixed.

Proposition 1.15 Any permutation in Sn can be written as a product of trans-
positions, where the parity of the number of transpositions is independent of the
representation as a product. This parity is the same as the parity of n− k, where
k is the number of cycles in the cycle decomposition (including fixed points).

We call a permutation even or odd according as this parity is even or odd.

Proposition 1.16 For n > 1, the even permutations in Sn form a normal subgroup
of index 2, which is called the alternating group of degree n, and written An.

Thus the order of An is n!/2 for n > 1.

Proof The map π which maps a permutation to its parity (as an element of the
integers mod 2) is a homomorphism from Sn to Z/(2). (To see this, note that if g
and h are respectively products of p and q transpositions, then gh is a product of
p+q transpositions.) It is onto if n > 1; its kernel is the alternating group.

Exercise: The alternating group A4 has order 12 and has no subgroup of order
6. So the converse of Lagrange’s theorem is false (if we understand the converse
to say that any divisor of the order of G is the order of some subgroup of G).
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1.5.5 Linear groups

Apart from permutation groups, the other prolific source of examples comes
from matrix groups: matrix multiplication is always associative.

We are mainly concerned with finite groups in this part of the notes, so we
need Galois’ theorem about finite fields.

Theorem 1.17 (Galois’ theorem) The order of a finite field is a prime power.
Conversely, if q is any prime power, then there is a field with q elements, unique
up to isomorphism. This is called the Galois field of order q, and denoted GF(q).

In particular, the Galois field of prime order p is simply the field Z/(p) of
integers mod p.

Let F be any field. The set of all invertible n×n matrices over F (those with
non-zero determinant), with the operation of matrix multiplication, is a group.
This group is the general linear group of dimension n over F , denoted GL(n,F).
In the case where F = GF(q), we call the group GL(n,q).

Proposition 1.18 The order of GL(n,q) is

(qn−1)(qn−q) · · ·(qn−qn−1).

Proof An n×n matrix A is invertible if and only if its first row is non-zero and,
for i = 2, . . . ,n, the ith row is not a linear combination of rows 1, . . . , i− 1. Thus
there are qn−1 choices for the first row, and qn−qi−1 choices for the ith row for
2≤ i≤ n. Multiplying these numbers gives the total number of invertible matrices.

The standard property of the determinant function,

det(AB) = det(A)det(B),

shows that the determinant is a homomorphism from GL(n,F) to F×, the mul-
tiplicative group of F (aka GL(1,F)). The map is onto – if λ 6= 0, the diagonal
matrix with diagonal entries λ ,1, . . . ,1 has determinant λ . The kernel of the map
is the set SL(n,F) of n×n matrices with determinant 1. Thus:

Proposition 1.19 SL(n,F) is a normal subgroup of GL(n,F), with

GL(n,F)/SL(n,F)∼= F×.

If F = GF(q), we have |SL(n,F)|= |GL(n,F)|/q.
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The group SL(n,F) is the special linear group of dimension n over F .
A related construction is the following. Let D be the subset of GL(n,F) con-

sisting of scalar matrices λ I, where λ 6= 0. Then D is a subgroup of GL(n,F). It is
a normal subgroup, since elements of D commute with all matrices, and so they are
conjugate only to themselves. Thus we can define the factor group GL(n,F)/D.
This group is the projective general linear group of dimension n over F , denoted
PGL(n,F).

For F =GF(q), we have |D|= q−1, so that |PGL(n,F)|= |GL(n,F)|/(q−1)
(which happens to be the same as |SL(n,F)|.

We also define the projective special linear group in a similar way: PSL(n,F)=
SL(n,F)/(SL(n,F)∩D). It is a little less straightforward to show (relying on ba-
sic properties of GF(q)) that

|PSL(n,q)|= |SL(n,q)|/gcd(n,q−1).

For later use we need one further observation about GL(n, p). The order of
this group is

(pn−1)(pn− p) · · ·(pn− pn−1),

so the p-part of its order (the largest power of p dividing the order) is

1 · p · · · pn−1 = pn(n−1)/2.

A strictly upper triangular matrix of order n×n over the field F (for p prime)
has entries 1 on the main diagonal, 0 below the diagonal, and arbitrary above the
diagonal. The set of all strictly upper triangular matrices over GF(p) is a group of
order pn(n−1)/2, which is the exact power of p dividing the order of GL(n, p).
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1.6 Sylow’s theorem

We saw in the last section that the converse of Lagrange’s theorem is false in
general. However, there is a very important case in which it is true (and more
besides). This is given by Sylow’s theorem.

Let G be a finite group, of order n= pa ·m, where p is prime and gcd(p,m)= 1.
We say that a Sylow p-subgroup of G is a subgroup of order pa (the p-part of the
order of G). We saw in the last section that the group of strictly upper triangular
matrices is a Sylow p-subgroup of GL(n, p).

Theorem 1.20 (Sylow’s theorem) Let G be a finite group and p a prime number.
Then

(a) G has a Sylow p-subgroup.

(b) Any two Sylow p-subgroups of G are conjugate.

(c) The number of Sylow p-subgroups of G is congruent to 1 mod p and divides
m, where m is the part of |G| coprime to p.

(d) Any subgroup of G of p-power order is contained in a Sylow p-subgroup.

Proof I am going to prove the first part of this theorem; you can find the rest in
any group theory book. This proof is essentially Sylow’s original proof, rewritten
in modern language, and is my favourite of many different proofs of part (a) of
the theorem.

First observe that (a) is equivalent to the statement that G acts transitively on a
set |Ω| where gcd(|Ω|, p) = 1 and the stabiliser of a point of Ω has order a power
of p. (One way round, if such an action exists, then |G| = |Ω| · |Gx|, so Gx is a
Sylow p-subgroup. In the other direction, take the coset action of G on cosets of
the assumed Sylow p-subgroup.)

Now we come to the central claim of the proof:

If G ≤ G1, and G1 has a Sylow p-subgroup, then G has a Sylow p-
subgroup.

For suppose that G1 has a Sylow p-subgroup. By the preceding paragraph, it has
a transitive action on a set Ω of size coprime to p so that the stabiliser of any point
has order a power of p. Now restrict this action to G. It is still true that the size
of Ω is coprime to p and the order of any stabiliser is a power of p. It may not
be true that the action is transitive, so we decompose it into orbits. At least one
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of these orbits has size coprime to p: for, if we add up numbers all divisible by
p, the result is divisible by p. Now restricting the action of G to an orbit of size
coprime to p shows that the appropriate hypothesis holds for G, so G has a Sylow
p-subgroup.

By Cayley’s theorem, a group of order n is a subgroup of the symmetric group
Sn; so it would suffice to prove that Sn has a Sylow p-subgroup. This is not too
difficult; but we can take another step to make the job even easier.

The symmetric group Sn is a subgroup of the general linear group GL(n, p).
(For each permutation in Sn, consider the corresponding permutation matrix; these
form a group of matrices isomorphic to Sn.) Now we saw in the last section
that GL(n, p) has a Sylow p-subgroup, consisting of the strictly upper triangular
matrices; so the result is proved.

A group G is said to be simple if |G|> 1 and the only normal subgroups of G
are the “trivial” ones G and {1G}. Much of the development of finite group theory
has been about the search for simple groups, as we will see. Here is an example
of the way in which Sylow’s theorem can help.

Exercise: There is no simple group of order 24 or 28.

Assume that G is a group of order 24. Then a Sylow 2-subgroup P of G has
order 8 and index 3. So the coset action on G : P gives a homomorphism from G to
a set of size 3. Clearly the image of this homomorphism is not the identity (since
it is transitive!), and has order at most 3! = 6. So the kernel of the homomorphism
has order at least 4, but not 24. This kernel K is thus a non-trivial normal subgroup
of G.

Now assume that G is a group of order 28. The number of Sylow 7-subgroups
of G is congruent to 1 mod 7 and divides 4, so is 1. Thus, a Sylow 7-subgroup is
conjugate only to itself, and it is normal in G.

In fact, it is a theorem of Burnside, his pαqβ theorem, that a group whose
order is divisible by only two distinct primes cannot be simple. We will say more
about groups whose order is a power of a prime at the end of this chapter.
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1.7 The Jordan–Hölder theorem

Given a finite group G, a composition series for G is a series

G = G0 > G1 > · · ·> Gr = {1}

of subgroups of G, where, for i = 1, . . . ,r, Gi CGi−1, and Gi−1/Gi is simple. (By
the Correspondence Theorem, the last condition means that no subgroup strictly
between Gi and Gi−1 is normal in Gi−1.) It is clear that any finite group has a
composition series: start with the series G > {1} and insert subgroups into the
series until the condition of the definition is satisfied.

The composition factors of G associated with this composition series are the
simple groups Gi−1/Gi, for 1 ≤ i ≤ r. (They form a multiset rather than a set,
since the same simple group may occur more than once.)

The next theorem, the Jordan–Hölder theorem, shows that in a sense any finite
group can be built out of finite simple groups.

Theorem 1.21 (Jordan–Hölder theorem) Any two composition series for a fi-
nite group G have the same length and give rise to the same multiset of composi-
tion factors.

Proof I sketch the proof, which is by induction on the length of a composition
series. Suppose that we have two composition series for G:

G = G0 > G1 > · · ·> Gr = {1},
G = H0 > H1 > · · ·> Hs = {1}.

If G1 = H1, then apply the induction hypothesis to this group.
if G1 6= H1, put L = G1∩H1; show using the Isomorphism Theorems that

G/G1 ∼= H1/L, G/H1 ∼= G1/L.

Now we form two new composition series

G > G1 > L = L0 > L1 > · · ·> Lt = {1},
G > H1 > L = L0 > L1 > · · ·> Lt = {1}.

These have the same length and the same composition factors. Comparing the
first series in the two displays, and applying induction to G1, shows that the first
given series has the same length and composition factors as our two new series;
and the same applies to the second.
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Remark Different groups can have the same composition factors. For exam-
ple, C4 and C2×C2 have composition factors C2 (twice), while C6 and S3 have
composition factors C2 and C3.

Given this result, we adopt the philosophy that, to describe finite groups, we
must be able to describe the finite simple groups, and to understand how these can
be fitted together in a composition series for an arbitrary group. We will see that
the first task has been completed; the second is still open!

Remark If G has a normal subgroup N, then the composition factors of G form
the union (as multisets) of the composition factors of N and G/N. (In other words,
we add the multiplicities of the simple groups in the two multisets.) Do you see
why?

Exercise (more difficult).

(a) Show that the groups A5 and PSL(2,5) are isomorphic simple groups.

(b) Find three different groups with composition factors {C2,A5} such that the
first has a normal subgroup isomorphic to C2, the second has a normal sub-
group isomorphic to A5, and the third has normal subgroups of both types.
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1.8 The finite simple groups

Some of the groups we have already met turn out to be simple:

Theorem 1.22 (a) The cyclic group of prime order p is simple.

(b) The alternatimg group An is simple for n≥ 5.

(c) The group PSL(n,q) is simple for n ≥ 2, except for the two cases n = 2,
q = 2 and n = 2, q = 3.

In fact, PSL(n,F) is just one subfamily of a more general class of groups
known as groups of Lie type, which are quotients of matrix groups by groups of
scalars. There are two subclassifications of the groups of Lie type:

• Geometrically, they fall into two families: classical groups (linear, sym-
plectic, orthogonal and unitary groups), and exceptional groups falling into
a finite number of families depending only on the choice of field.

• From the point of view of Lie algebra theory, there are Chevalley groups
(each determined by a field and a choice of a simple Lie algebra over the
complex numbers), and twisted groups (where a further ingredient is an
automorphism of the Coxeter–Dynkin diagram associated with the Lie al-
gebra).

Most of these groups are also simple.
In addition, there are a finite number of sporadic simple groups, five of them

discovered by Mathieu in the nineteenth century, and the others found between
the 1960s and 1980s by a variety of group theorists. The smallest sporadic group
is the Mathieu group M11, with order 7920; the largest is the Monster or Friendly
Giant, found by Fischer and Griess, and having order
808017424794512875886459904961710757005754368000000000.

Now we come to what is perhaps the biggest theorem ever proved, involving
the efforts of hundreds of mathematicians, the first proof spread over about 15000
pages in books and journal articles:

Theorem 1.23 (Classification of Finite Simple Groups) A finite simple group is
one of the following:

(a) a cyclic group of prime order;

(b) an alternating group An, with n≥ 5;
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(c) a group of Lie type;

(d) one of the 26 sporadic simple groups.

This theorem is enormously useful in group theory. We saw an application to
counting groups of order n earlier. Here is another application.

A derangement is a permutation with no fixed points. The problem of count-
ing derangements is one of the oldest in enumerative combinatorics: the number
of derangements on n points is the closest integer to n!/e. In other words, if a
secretary puts letters into addressed envelopes at random, the probability that no
letter is in the correct envelope is very close to 1/e. The study of derangements
seems like a quiet byway of group theory, but in fact it is connected to important
developments in number theory, algebra and topology. See Jean-Pierre Serre’s
paper “On a theorem of Jordan”, Bull. Amer. Math. Soc. 40 (2003), 429–440, for
a really beautiful account of this.

Here are two results about derangements. A permutation group of degree n is
a subgroup of the symmetric group Sn; it is transitive if its action on {1, . . . ,n} is
transitive.

Theorem 1.24 (Jordan’s theorem) A transitive permutation group of degree n>
1 contains a derangement.

Proof Count pairs (x,g), with x ∈ {1, . . . ,n} and g ∈G, such that xg = x. Choos-
ing x first, there are n choices for x, and then |Gx|= |G|/n choices for an element
of G fixing x (by the Orbit-stabiliser theorem); so there are |G| such pairs. Thus
the average number of points fixed by an element of G is 1. But the identity fixes
n points, and n > 1; so some element of G fixes fewer than 1 points, and is a
derangement.

This was strengthened in the early 1980s:

Theorem 1.25 (Fein–Kantor–Schacher theorem) A transitive permutation group
of degree n > 1 contains a derangement of prime power order.

By contrast to the simple proof of Jordan’s theorem, this theorem requires the
Classification of Finite Simple Groups, and a lot more work besides! We reduce
the problem to the case where the group is simple and the stabiliser of a point
is a maximal subgroup; then we examine the simple groups and their maximal
subgroups, one family at a time, and construct a derangement in each case.
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1.9 Groups of prime power order

We finish our look at finite groups with a class of groups at the opposite end of
the scale from simple groups: groups whose order is a prime power (sometimes
called p-groups, where p is an unspecified prime).

One difference is that, while there are never more than two simple groups of
the same order (this is another consequence of the Classification of Finite Simple
Groups), groups of prime power order dominate the count of all groups. For
example, there are 49487365422 groups of order 210 = 1024 (up to isomorphism);
this represents a little over 99% of all the groups of order up to 2000.

The other difference is that groups of prime power order have many normal
subgroups. The basic fact is as follows:

Proposition 1.26 Let G be a group of order pa, for some a > 0. Then there is a
non-identity element z ∈ Z(G) (that is, an element satisfying gz = zg for all g ∈G.

Proof We consider the conjugation action of G on itself: that is, the action where
Ω = G and µ(x,g) = g−1xg for all x,g ∈ G. (For obvious reasons I will not use
juxtaposition for this action!)

By the Orbit-stabiliser theorem, the size of each orbit is a divisor of pa, and
hence a power of p. Now the identity lies in an orbit of size 1. If there were no
other orbit of size 1, then all other orbits would have size divisible by p, and so
|G| ≡ 1 (mod p), which is clearly false. So there is at least one further element
z in an orbit of size 1, that is, satisfying g−1zg = z for all g ∈ G, as required.

Corollary 1.27 The composition factors of a group of order pa consist of a copies
of the cyclic group Cp.

For, taking a power of z if necessary, we can assume that zp = 1; then z gen-
erates a (simple) cyclic group of order p. Now G/〈z〉 has order pa−1, and by
induction it has a−1 composition factors Cp; the result follows.

We end this chapter with a prolific construction of groups of p-power order.
Let V and W be vector spaces over GF(p), and let B be a bilinear map from V ×V
to W : this means that B(u,v) is a linear function of each of its variables. Now
define an operation on V ×W by

(v1,w1)(v2,w2) = (v1 + v2,w1 +w2 +B(v1,v2).

This is a group, with a normal subgroup isomorphic to W with quotient isomorphic
to V (the map (v,w) 7→ v is a homomorphism). There are many choices for the
bilinear form, since it can be defined arbitrarily on a basis for V .
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CHAPTER 2

Infinite groups

Infinite group theory is a much less unified subject than finite group theory. There
is very little theory of “general” infinite groups. Instead, we usually impose var-
ious finiteness restrictions and study the groups which satisfy them. So a group
may be finitely generated (or finitely presented), locally finite, residually finite,
profinite, and so on. This makes the job of surveying infinite group theory much
more difficult! In this chapter, I will be a tourist guide, showing you a few of the
highlights.

2.1 Free groups

Let X be a subset of a group F . We say that F is a free group generated by X ,
written F(X), if the following property holds:

every map from X to a group G can be extended uniquely to a homo-
morphism from F to G.

Before going further, observe that, if such a group exists, then it is unique.
For suppose that F and F ′ are both free groups generated by X . Then the identity
map on X extends to a unique homomorphism θ : F→ F ′, and to a unique homo-
morphism θ ′ : F ′→ F . Now θθ ′ is a homomorphism from F to F which is the
identity on X , but so is the identity map on F ; by uniqueness, θθ ′ is the identity
on F . Similarly θ ′θ is the identity on F ′. So θ and θ ′ are inverse isomorphisms.

29
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Now there are general results coming from universal algebra which guarantee
that free groups with any given generating set exist. However, it is perhaps more
enlightening to have an explicit construction.

We are given a generating set X . Let X̂ be a set disjoint from X but in one-to-
one correspondence with it, via a map x 7→ x̂. (The element x̂ will turn out to be the
inverse of x in the group we construct. Now we consider all words (finite strings)
in the alphabet X ∪ X̂ (including the empty word). A word is said to be reduced if
it does not contain a pair xx̂ or x̂x consecutively within it. Given any word, we can
produce from it a reduced word by “cancelling” occurrences of xx̂ or x̂x until none
remain. OF course there may be more than one way to do it; the substantial job to
be done is to show that the final result is independent of the cancellation process.

Now we can define the group F(X) as follows: The elements are the reduced
words in the alphabet X ∪ X̂ . To multiply two elements, first concatenate them,
and then follow the cancellation process until a (unique) reduced word is obtained;
this is the product.

For example,
(xyx̂z)(ẑxz) = xyz.

The identity of the group is the empty word. The inverse of x is x̂, while the
inverse of an arbitrary word is obtained by writing it in reverse order and replacing
each letter by its inverse (adding or removing hats).

In future, we write x−1 in place of x̂.
Let us just state formally the fact that this construction produces something

satisfying the earlier definition.

Theorem 2.1 Given a set X, every map from X to a group G extends uniquely to
a homomorphism from the free group F(X) (defined above in terms of reduced
words) to G.

We also have a test (which we will use later) to show that given elements of a
group G generate a free subgroup of G.

Proposition 2.2 Let {gi : i ∈ I} be a subset of a group G. Then the group gener-
ated by these elements is a free group on {gi : i ∈ I} if and only if, for any reduced
word in X ∪ X̂ (where X = {xi : i ∈ I}), the result of substituting gi for xi is not the
identity in G.

For the hypotheses guarantee that there is a bijection from F(X) to the ele-
ments of the group generated by {gi : i ∈ I}, and this map is clearly an isomor-
phism.
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Any group is a quotient of a free group. But the subgroups of free groups are
much more restricted:

Theorem 2.3 (Schreier–Nielsen theorem) A subgroup of a free group is free.

There are now several proofs of this theorem, but one of the nicest is due to
Serre. He showed that a group is free if and only if it has a free action on a tree,
that is, an action in which no non-identity element fixes a vertex or edge of the
tree. If a group has such an action, so does any subgroup (just by restricting the
action).
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2.2 Presentations of groups

A challenging exercise (which you should attempt) is to show that, if a group
G is generated by five elements a,b,c,d,e satisfying

ab = c,bc = d,cd = e,de = a,ea = b,

then the group is cyclic of order 11 (or possibly the trivial group). To do this, you
should express all five generators in terms of a single one, say a, and then verify
that a11 = 1. How can you be sure that there are not more consequences that you
missed? Take the cyclic group of order 11 generated by g, and set b = g4, c = g5,
d = g9, and e = a3; you will find that the five relations are all satisfied.

What we are stating (not very precisely) is that the “largest” or “free-est” group
generated by five elements subject to the relations above is C11. The free group
gives us a way to make this precise.

If S is a subset of a group G, the normal closure of S in G is the smallest
normal subgroup of G containing S; it is the group generated by all the conjugates
of elements in S. Note that if a homomorphism from G to some other group maps
every element of S to the identity, then it must map every element of the normal
closure of S to the identity.

Now let X be a set, and R a subset of the free group F(X). We define a
presentation to be an expression of the form 〈X | R〉, and the group defined by
the presentation to be the quotient F(X)/N, where N is the normal closure of R.
This is the “largest” group generated by X in which all the elements of R are the
identity. We use the same symbol 〈X | R〉 for this group.

For example,

〈a,b,c,d,e | abc−1,bcd−1,cde−1,dea−1,eab−1〉=C11.

More conventially, in place of writing elements which must be the identity, we
just write equations:

〈a,b,c,d,e | ab = c,bc = d,cd = e,de = a,ea = b〉=C11.

Hopefully this sloppiness will not cause too much confusion.
We call an expression like abc−1 above a relator, and an equation ab = c a

relation.. We have just given a presentation of C11 by generators and relations.
A group is said to be finitely presented if it has a presentation with only a finite

number of generators and a finite number of relations. Clearly every finite group
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is finitely presented (we can give the group as a generating set, and all the entries
in the multiplication table as relations), but many infinite groups are also finitely
presented: examples include

(a) finitely generated free groups (no relations needed);

(b) finitely generated abelian groups (using the FTAG, we can specify that all
pairs of generators commute, and the orders of those generators that have
finite order);

(c) the group PSL(2,Z), which has the remarkable presentation

〈a,b | a2 = 1,b3 = 1〉.

(d) The famous Coxeter presentation of the symmetric group Sn:

〈r1, . . . ,rn−1 | riri+1ri = ri+1riri+1,rir j = r jri(| j− i|> 1)〉,

satisfied by the “adjacent transpositions” ri = (i, i+1).

On the other hand, there are restrictions. Every finitely presented group (and in-
deed, every finitely generated group) is finite or countably infinite. This is because
the set of words in the generators and their inverses is countably infinite, and every
element of the group is equal to at least one such word.

Exercise

(a) Show that 〈a,b | an = b2 = (ab)2 = 1〉 is the dihedral group of order 2n.

(b) (Harder) Show that, for n = 3,4,5, the group 〈a,b | a2 = b3 = (ab)n = 1〉
is, respectively, the alternating group A4, the symmetric group S4, or the
alternating group A5.
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2.3 Algorithmic questions

If we are given the Cayley table of a finite group, we know everything about
the group, and in principle any question we can ask about the group can be an-
swered by a finite amount of calculation. Can we do anything similar for infinite
groups?

A finite presentation is a very compact way to describe an infinite group. How-
ever, it may be difficult to extract information about the group from the presenta-
tion. Our earlier presentation of the group C11 was perhaps a bit unexpected.

Proposition 2.4 If G is a finitely presented group, and H a subgroup of G of finite
index, then H is finitely presented.

Indeed, there is an algorithm, the Schreier–Reidemeister algorithm, which pro-
duces a presentation for H, given a presentation for G and a set of coset represen-
tatives for H in G.

I will discuss at least the generation part of the algorithm. Suppose that G is
generated by elements g1, . . . ,gr, and let H be a subgroup of index n in G. Choose
coset representatives x1, . . . ,xn for the right cosets of H in G. For g ∈ G, let g be
the coset representative of the coset Hg. Now it is not too difficult to show that
the set

{xig j(xig j)
−1 : 1≤ i≤ n,1≤ j ≤ r}

generates H. (It is clear that all of the elements in the set lie in H, since each has
the form gg−1, where Hg = Hg. The proof that they generate H is a little more
complicated.

Proposition 2.5 Suppose that the group G has a presentation with more genera-
tors than relations. Then G is infinite.

Proof If we add further relations and obtain a group which is infinite, then G
itself must be infinite. The relations we will add say that any two generators
commute, so that G is an abelian group.

Now in an abelian group, the relations can all be “linearised”. That is, if we
write the group operation as addition, we can collect up the occurrences of each
generator so that each relation has the form

a1x1 + · · ·+anxn = 0.
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Now by assumption, these linear equations (thought of as being equations over the
rational numbers) have more variables than equations. So by the standard theory
of linear equations, at least one of the variables can be chosen arbitrarily. This
gives rise to an infinite group satisfying the relations, as required.

The three most famous questions which have been considered for group pre-
sentations are

(a) The word problem: given two words in the generators, are they equal as
elements of the group? Equivalently, given a word, is it equal to the identity
of the group?

(b) The conjugacy problem: given two words in the generators, are they conju-
gate as elements of the group?

(c) The isomorphism problem: given two presentations, are the groups they
define isomorphic?

It turns out that all these problems are recursively unsolvable, which means
that there is no mechanical algorithm or program which will solve them in all
cases, even when run on a computer with unlimited memory resources.

Of course, not all groups are so hard, and there are various ways of measuring
the difficulty of one of these problems. I will say a bit about the connection of the
word problem with language theory.

A language is a set of words in a finite alphabet. For example, the set of words
which are equal to the identity in a group with a given presentation is a language.

An automaton is a machine with a finite set of internal states. When it is in a
state s and reads a symbol q from its input, it moves into a state s′ depending on s
and q. One of the states is designated as the start state, and one as the finish state.
When an automaton, in the start state, reads a word (a string of symbols), we say
it accepts the string if it ends in the finish state.

A language is said to be regular if there is a finite automaton which accepts
the language. Kleene showed the equivalence of this to a procedure for generating
a language.

A larger class of languages are the context-free languages, which are those
recognised by an automaton fitted with a with a push-down stack.

Theorem 2.6 (Anisimov; Muller and Schupp) Let G be a finitely presented group,
and let W (G) be the set of words equal to the identity in a given finite presentation
of G.
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(a) W (G) is a regular language if and only if G is finite.

(b) W (G) is a context-free language if and only if G has a free subgroup of finite
index.

For a very simple example, the automaton below accepts the language W (G)
for the group G with presentation 〈x | x2 = 1〉. The state on the left is both the start
and finish state.
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An open problem which is the focus of much current research in the area is
the description of the class of finitely presented groups whose word problem is
co-context-free, that is, the complement of a context-free language.

On a more practical note, there are various algorithms for computing with
group presentations. The most important are:

(a) The Todd–Coxeter algorithm takes as input a set of words which generate
a subgroup H of G, and attempts to express the generators as permutations
in the coset action of G on the cosets of H. Along the way, the algorithm
computes the index of H in G. So it will fail if the index is infinite; and,
even if the index is finite, we cannot decide in advance how many steps the
algorithm requires to complete.

(b) Given coset representatives for a subgroup H of G of finite index (which
may be obtained from the Todd–Coxeter algorithm or otherwise), the Schreier–
Reidemeister algorithm, mentioned earlier, finds a presentation for H.

The Schreier–Reidemeister algorithm shows that a subgroup of index n in a k-
generator group has at most kn generators. With a little more care in choosing the
coset representatives, this can be reduced to (k−1)n+1 generators. This bound
is best possible: a subgroup of index n in a k-generator free group has exactly
(k− 1)n+ 1 generators. (Note that, when k = 1, the formula evaluates to 1, as it
should!)
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2.4 Periodic and locally finite groups

A group G is periodic if every element of G has finite order. A group G has
bounded exponent if there is a number m ∈ N such that every element of G has
order dividing m (that is, gm = 1 for all g ∈ G. The smallest such number m is the
exponent of G.

An example of a periodic group which does not have infinite exponent is the
Prüfer group Cp∞ , where p is prime. This can be defined as the multiplicative
group of all p-power roots of unity in the complex numbers, or as the quotient
of the additive group of rationals with p-power denominators by the subgroup of
integers. It has an (infinite) presentation

Cp∞ = 〈xi(i ∈ N) | x0 = 1,xp
i+1 = xi(i ∈ N)〉.

The famous Burnside problem asked whether a finitely generated group of
bounded exponent is necessarily finite. This was answered in the negative by
Adian and Novikov. The most dramatic examples are the “Tarski monsters”. A
group G is a Tarski monster for the prime p if every non-identity proper subgroup
of G has order p. This implies that G has exponent p, and that it is generated by
any two elements not in the same cyclic subgroup of order p; also, G is simple.

It is not clear a priori whether such groups exist. Indeed, there cannot be a
Tarski monster for the prime 2. For every group of exponent 2 is abelian (since

ghgh = (gh)2 = 1 = g2h2 = gghh

for all g,h ∈ G, and cancelling gives gh = hg). However, Ol’shanskı̆i showed that
Tarski monsters exist for all sufficiently large primes p.

A group G is said to be locally finite if every finitely generated subgroup of G
is finite. This is a stronger condition than being periodic, which says that every
1-generator subgroup of G is finite. The Burnside problem asked whether every
group of bounded exponent is locally finite. Burnside proved an important positive
result:

Theorem 2.7 (Burnside) A periodic subgroup of GL(n,C) is locally finite.

Since we have the list of finite simple groups, you might wonder if we can
classify the locally finite simple groups (by this I mean locally finite groups which
are simple, not groups in which any finite set of elements is contained in a finite
simple subgroup!) First, do such things exist? Yes, here are two examples.
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Example Let Ω be an infinite set. A permutation g of Ω is finitary if it moves
only finitely many points. The finitary permutations of Ω form a group, the finitary
symmetric group, denoted by FSym(Ω). Now FSym(Ω) is a locally finite group;
for given any finite set of elements of FSym(Ω), together they move only finitely
many points, and so they are contained in a finite symmetric group. Now we can
define the parity of a finitary permutation: the permutations of even parity form a
subgroup, the alternating group Alt(Ω). It is not too hard an exercise to show that
Alt(Ω) is simple (using the simplicity of finite alternating groups).

Example We say a field F is locally finite if every finite subset is contained in a
finite subfield. Such a field must have prime characteristic p, say, and any element
is algebraic over Z/p (since it lies in a finite extension of Z/p). Thus the locally
finite fields are subfields of the algebraic closure of Z/p. Now it is not too hard to
show that, if F is a locally finite field, then GL(n,F) is a locally finite group, and
that PSL(n,F) is a locally finite simple group.

Can we classify all locally finite simple groups? Not yet, but there has been
good progress. For example, we have the following result. (A linear group is just
a group of matrices over some field.

Theorem 2.8 (Belyaev–Borovik–Hartley–Shute–Thomas) A simple locally fi-
nite linear group is isomorphic to a group of Lie type over an infinite locally finite
field.
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2.5 Residually finite and profinite groups

The cartesian product of a family (Gi : i ∈ I) of groups is the set of functions
from the index set I to the union of the groups Gi which maps each index i to
an element of Gi. (You should check that this rather abstract definition gives the
usual direct product of two groups in the case when I = {1,2}.)

Every subgroup H of finite index in a group G contains a normal subgroup of
finite index. (Construct the coset action of G on the finite set G : H, which is a
homomorphism in to a finite symmetric group; its kernel is the required normal
subgroup.)

A group G is residually finite if the intersection of the subgroups of finite
index in G is {1}. By the preceding paragraph, it is equivalent to assume that the
intersection of the normal subgroups of finite index in G is {1}.

Equivalently, a group is residually finite if it can be embedded in a Cartesian
product of finite groups. (If (Ni : i ∈ I) are normal subgroups of finite index in G,
then the map g 7→ (Nig : i ∈ I) is the required embedding.

Residually finite groups form another class of groups whose study has been
deeply influenced by advances in the theory of finite groups. I will just mention
one classic result.

Theorem 2.9 A free group F is residually finite.

Proof We have to show the following: if g is a non-identity element of F , then
there is a normal subgroup of F of finite index not containing g, that is, there
is a homomorphism from F to a finite group such that the image of g is not the
identity.

The element g is represented by a non-empty reduced word y1 · · ·yr, where
each yi is a generator or its inverse. Now we take the symmetric group of degree
r+ 1, and arrange that yi maps i to i+ 1. (That is, if yi = xmi , then xmi maps i to
i+1; if yi = x̂mi , then xmi maps i+1 to i.) The fact that the word is reduced shows
that no conflicts arise. (A conflict would arise if we required the same generator
to map i to i+ 1 and also i+ 2 to i+ 1, or the reverse. In the case described, we
would have yi = xmi and yi+1 = x̂mi , contradicting the fact that the word is reduced.
Similarly in the dual case.)

Now it is easy to see that, as long as these conflicts are avoided, permuta-
tions in Sr+1 can be chosen. The map taking each generator to the corresponding
permutation extends uniquely to a homomorphism from F to Sr+1, and under this
homomorphism the given word maps 1 to r+1 and so its image is not the identity.
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In an arbitrary group G, the intersection of all subgroups of finite index is a
normal subgroup R, and the quotient G/R is the largest residually finite quotient
of G. Examination of subgroups of finite index can tell us nothing about R. (If
our telescopes for examining a group see only finite quotients, then R consists of
“dark matter”.)

An example of the kind of result which has been proved is the Lubotzky–
Mann–Segal theorem, which describes residually finite groups in which the num-
ber of subgroups of index at most n is bounded by a polynomial in n (or, said
otherwise, a description of residually finite groups with this property). Time does
not permit me to describe this beautiful theorem, except to say that results on finite
groups play a role in the proof.

As described, a residually finite group is embeddable in the Cartesian product
of a family of finite groups. Now there is a natural topology on this Cartesian
product, the product topology induced from the discrete topology on each finite
factor. Note that a finite set is compact in the discrete topology, and so by Ty-
chonoff’s theorem, the full Cartesian product is compact.

If the family of groups is countable, there is a natural metric on the Cartesian
product, where the distance between two functions is 1/2n if they agree in the
first n coordinates but not in the (n+1)st. This metric gives rise to the (compact)
Tychonoff topology.

We say that a group G is profinite if it is closed in the product topology just
described. So a profinite group is a compact topological group.

Thus, every residually finite group is embeddable in a profinite group (namely,
its closure in the product topology). Modern research in this area has concentrated
on studying profinite groups; their properties can be used to deduce properties of
residually finite groups.

Much interest in profinite groups arises from number theory: the absolute
Galois group, the Galois group of Q̄ over Q, where Q̄ is the field of algebraic
numbers (the algebraic closure of Q), is profinite: its finite quotients are the Galois
groups of polynomials over Q. As we saw, the Inverse Galois Problem asks if
every finite group is a quotient of the absolute Galois group.
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2.6 Oligomorphic permutation groups

A permutation group G on Ω (a subgroup of Sym(Ω) is oligomorphic if it
has only finitely many orbits in its coordinatwise action on Ωn for all n ∈ N.
From the definition, this may look rather specialised; but these groups have close
connections with model theory and combinatorial enumeration.

As a special case, we say that a permutation group G is highly transitive if it
acts transitively on the set of n-tuples of distinct elements of Ω. The symmetric
group Sym(Ω) is highly transitive. As an exercise, show that the number of orbits
on all n-tuples of a highly transitive group is the Bell number B(n), the number of
partitions of an n-element set.

Another area in which topology arises naturally in group theory is the study
of infinite permutation groups. I will restrict to groups of countable degree here:
where necessary they act on N. Two group elements are close together if they
agree on long initial sequences of N.

More formally, define a metric on Sym(N) by the rule that d(g,h) = 2−n if g
and h agree on {1, . . . ,n}, and also g−1 and h−1 agree on {1, . . . ,n}, but one of
these two statements fails if we replace n by n+1. (If we leave out the condition
on inverses, we obtain a metric which gives rise to the same topology; but the
metric chosen has the advantage that Sym(Ω) is complete in this metric. Also, the
sequence (2−n) can be replaced by any decreasing sequence which tends to 0.)

We also need to understand a little about first-order logic. A first-order lan-
guage has symbols representing constants, relations, and functions, in addition
to the logical symbols of connectives and quantifiers, parentheses, and variables.
(Equalith is a binary relation but usually we insist that it is in the language and
has its usual interpretation.) If L is a first-order language, a structure over L , or
L -structure, is a set carrying constants, relations, and functions corresponding to
the symbols in the language.

Given an L -structure M, any formula in L (with given values for its free
variables) will have an interpretation as true or false in the structure; in particular,
a sentence (a formula with no free variables) is either true or false in the structure.
The theory of M, written Th(M), is the set of sentences true in M. In the other
direction, a first-order structure M is a model for a theory T if every sentence in T
is true in M, that is, T ⊆ Th(M).

For example, if the language has a binary relation < interpreted as a total
order, then the sentence

(∀x)(∀y)((x < y)⇒ (∃z)((x < z)&(z < y)))
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belongs to the theory of (Q,<) but not to the theory of (N,<) – this sentence says
that the order is dense.

Let λ be an infinite cardinal number. A first-order theory T is called λ -
categorical if any two models of T of cardinality λ are isomorphic. In other
words, the T -structure of cardinality λ can be uniquely described by a collec-
tion of first-order sentences together with one axiom which is not first-order (the
statement that it has cardinality λ ).

The most famous example is Cantor’s theorem, which asserts that (Q,<) is
ℵ0-categorical:

Theorem 2.10 (Cantor’s theoreom) A countable totally ordered set which is dense
and has no maximum or minimum element is isomorphic to (Q,<).

There is a connection between topology and first-order structures.

Theorem 2.11 (a) A subgroup of Sym(N) is open if and only if it contains the
pointwise stabiliser of a finite set of points of N.

(b) A subgroup of Sym(N) is closed if and only if it is the automorphism group
of a first-order structure on N. This structure can be chosen to be relational,
that is, its language has no constant or function symbols.

Now at last we come to oligomorphic groups. To repeat: A permutation group
G on Ω (a subgroup of Sym(Ω) is said to be oligomorphic if, for every natural
number n, the induced action of G on Ωn has only finitely many orbits.

Theorem 2.12 (Engeler–Ryll-Nardzewski–Svenonius) Let M be a countable struc-
ture over a first-order language. Then the following conditions are equivalent:

(a) every countable model of the first-order theory of M is isomorphic to M;

(b) Aut(M) is oligomorphic.

In other words, the automorphism groups of countably categorical countable
structures are precisely the closed oligomorphic groups.

I regard this theorem as one of the most remarkable in mathematics. It asserts
that, for countable first-order structures, the conditions of axiomatisability (be-
ing uniquely defined by first-order axioms) and symmetry (having automorphism
group which is oligomorphic) are exactly equivalent.
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We saw that (Q,<) is ℵ0-categorical. Accordingly its automorphism group is
oligomorphic. It is easy to see that two strictly increasing n-tuples of rationals lie
in the same orbit of the automorphism group. (Map the first tuple to the second
in the unique order-preserving way, and fill in the gaps with linear maps and the
ends with shifts.)
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From this it is easy to see that the number of orbits on n-tuples of distinct
elements is n!, and hence to write down a formula for the total number of orbits
on n-tuples:

n

∑
k=1

S(n,k)k!,

where S(n,k) is the Stirling number of the second kind. This is the number of
preferential arrangements of an n-element set.

Questions which have been investigated here concern growth rates of the orbit-
counting sequences, simplicity of automorphism groups, universality (embedding
all groups in some class), and so on.

In the above discussion we are mainly talking about closed oligomorphic
groups. A group and its closure have the same orbits on n-tuples for all n; but
if we don’t assume closure, many more things can happen. Here is an example.

Recall that a permutation group G on an infinite set Ω is said to be highly
transitive if, for every natural number n, G acts transitively on the set of all n-
tuples of distinct elements of Ω. Clearly the symmetric group Sym(Ω) is highly
transitive: are there any others? The next result brings our discussion of infinite
groups full circle.

Theorem 2.13 Let Ω be a countable set. Then there is a subgroup of Sym(Ω)
which is highly transitive and is isomorphic to the free group on a countable set.

Proof Let G = Sym(Ω). Let N be the finitary symmetric group FSym(Ω), de-
fined earlier, a normal subgroup of G.

Let F be the free group on a countable set. We make F act on itself by right
multiplication, as in Cayley’s theorem. Since F is countable, we can identify the
underlying set with Ω, so that F is embedded in Sym(Ω). Let f1, f2, . . . be the
generators of F .
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A non-identity element of F fixes no points in this action. So F ∩N = {1}. (It
follows that FN/N ∼= F/(F ∩N)∼= F , so we have embedded F into G/N; but we
will not use this fact.)

Now make a list of all pairs (α,β ) of n-tuples of distinct elements of Ω, for
all values of n. (There are only countably many such pairs.) Let this list be
((α1,β1),(α2,β2), . . .). Now a group is highly transitive if and only if it contains
an element mapping αi to βi for each natural number i.

Now N is highly transitive; so, for each i, there is an element of N which
carries αi fi to βi; let ni be this element, and let

H = 〈 f1n1, f2n2, . . .〉.

Now

(a) For each i, the element fini of H maps αi to βi. So H is highly transitive.

(b) We claim that H is a free group generated by the displayed generators. For
this we have to show that, if w is a non-empty reduced word, then

w( f1n1, f2n2, . . .) 6= 1.

(Then the homomorphism from F to H extending the map taking fi to fini
for all i is a bijection, hence an isomorphism.) But since N is a normal
subgroup, if f ∈ F and n ∈ N we have f n = n′ f for some n′. Hence we can
move all the fi to the right of the ns, and we have (for some n∗ ∈ N)

w( f1n1, f2n2, . . .) = n∗w( f1, f2, . . .).

Since f1, f2, . . . are generators of the original free group F , it follows that
w( f1, . . . , fn) 6= 1, and so n∗w( f1, f2, . . .) 6= 1 (using F∩N = {1}). Thus our
claim is proved.

This finishes the proof of the theorem.

Oligomorphic groups have close connections to combinatorial enumeration:
the numbers of orbits on n-tuples, or on n-tuples of distinct points, or on n-element
subsets, often form interesting combinatorial sequences. We saw an example in
the group Aut(Q,<) above. We saw that the symmetric group Sym(Ω) (or indeed
any highly transitive group, such as the free group constructed in the preceding
theorem), there is a single orbit on n-tuples of distinct elements, from which it
follows that the number of orbits on all n-tuples is the Bell number B(n).

As an exercise, you might try to construct a permutation group in which the
number of orbits on n-element subsets is the Fibonacci number Fn.
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Mathieu group, 25
model, 41
module, 16
Monster, 25
multiplication table, 4
multiset, 23

natural homomorphism, 12
normal closure, 32
normal subgroup, 11
Simon Norton, 1

octahedron, 17
odd permutation, 18
oligomorphic group, 41, 42
Orbit-stabiliser theorem, 10
order of element, 14
order of group, 6

p-groups, 27
parity, 38
parity of permutation, 18
periodic group, 37
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permutation group, 26
permutation matrix, 22
polyhedra, 17
presentation, 32
product topology, 40
profinite group, 40
projective general linear group, 20
projective special linear group, 20
Prüfer group, 37

quotient group, 12

recursively unsolvable, 35
reduced word, 30
reflection, 16
regular language, 35
relation, 32
relator, 32
residually finite group, 39
right coset, 6
rotation, 16

Schreier–Nielsen theorem, 31
Schreier–Reidemeister algorithm, 34, 36
Second isomorphism theorem, 13
Jean-Pierre Serre, 26, 31
simple group, 22
special linear group, 20
sporadic group, 25
stabilizer, 10
Stirling numbers, 43
strictly upper triangular matrix, 20
subgroup, 6
Sylow subgroup, 21
Sylow’s theorem, 21
symmetric group, 5
symmetry group, 2

Tarski monster, 37

tetrahedron, 17
Third isomorphism theorem, 13
Todd–Coxeter algorithm, 36
topology, 40, 41
transformation group, 2
transitive, 26
transitive action, 10
transposition, 18
tree, 31
twisted group, 25
Tychonoff’s theorem, 40

word, 30
word problem, 35


