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A representation (or linear representation) of a group G on a vector space V
over a field F is a homomorphism ρ : G→ GL(V ) from G into the group GL(V )
of invertible linear transformations of V . (This means that ρ(gh) = ρ(g)ρ(h),
so that the group opertion is reflected in composition of linear maps, or matrix
multiplication.) The dimension n of V is the degree of the representation. By
choosing a basis for V , we can regard ρ as a map to the group GL(n,F) of n×n
invertible matrices over F .

The aim of representation theory is to get information, either about a specific
group G or about groups in general, by studying their representations.

Ordinary representation theory deals with the case where G is a finite group
and F is the field C of complex numbers. In fact, it works just as well under two
weaker assumptions on F :

• F is algebraically closed;

• the characteristic of F does not divide the order of G.

I will give a few hints about what happens if one or other of these two conditions
are not satisfied.

1 Equivalence, reduction, decomposition
Two representations ρi : G→GL(Vi) (i = 1,2) are equivalent if there is a bijective
linear map T : V1→ V2 such that, for all g ∈ G, ρ1(g)T = T ρ2(g). For example,
the same representation of G, written with respect to different bases, gives rise to
equivalent matrix representations.
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Example The trivial representation 1G is the representation with degree 1 given
by g1G = (1) for all g ∈ G.

A representation ρ : G→ GL(V ) is reducible if there is a subspace U of V ,
with U 6= {0},V , such that U is invariant under all ρ(g). In this case, we obtain
smaller representations of G on the vector spaces U and V/U . In general these do
not determine the original representation uniquely. A representation is irreducible
if it is not reducible.

A representation ρ : G→ GL(V ) is decomposable if there is a direct sum de-
composition V =U⊕W with U,W 6= {0} such that both summands are invariant
under all ρ(g). In this case, we have smaller representations on U and W , and the
original representation can be reconstructed uniquely by a direct sum construc-
tion.

Fortunately this distinction does not worry us for ordinary representations:

Theorem 1.1 (Maschke’ Theorem) An indecomposable representation of a fi-
nite group G, over a field whose characteristic is zero or does not divide |G|, is
irreducible; indeed, an invariant subspace has an invariant complement.

Proof It is clear that, if the representation is decomposable, then it is reducible;
we have to prove the converse. So suppose that U is a ρ(G)-invariant subspace of
V ; we need to find a ρ(G)-invariant complement.

If V = U +W , then there is a projection of V onto U with kernel W , a lin-
ear map with image U , kernel W , and which acts as the identity on its image.
Conversely, the existence of such an idempotent linear map T gives a direct sum
decomposition V = Im(T )⊕Ker(T ).

Now it is clear that there is a complement W for U in V ; but an arbitrary
complement will not be invariant. So let T be the projection map onto U with
kernel W . Now to get the required complement, we average the projection map
over G:

S :=
1
|G| ∑g∈G

ρ(g)−1T ρ(g).

A simple calculation shows that Im(S) = U and that U acts as the identity on U .
Moreover, another short calculation shows that Ker(S) is ρ(g)-invariant for all
g ∈ G. So Ker(S) is the required complement. �

Remarks 1. We will see formulae beginning
1
|G| ∑g∈G

many times in these notes!
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2. This averaging argument has many other uses. For example, a represen-
tation of a finite group on a complex vector space V preserves a non-degenerate
Hermitian form. To show this, take any non-degenerate Hermitian form, and av-
erage it over G.

3. The above argument shows the necessity of one of our assumptions. We
must be able to divide by |G|, so we require that |G| is invertible in the field; this
will be the case provided that the characteristic of F is zero or a prime not dividing
|G|.

By iterating the decomposition as long as any of the representations is re-
ducible, we obtain:

Corollary 1.2 Over a field whose characteristic is zero or does not divide |G|,
any representation is a direct sum of irreducible representations. �

To see what goes wrong otherwise, here is the simplest example. Let V be
a 2-dimensional vector space over the field F2 with two elements (the integers
mod 2), with basis {e1,e2}. Let G be the cyclic group of order 2, and let ρ be
the representation which maps the generator of G to the linear transformation
interchanging e1 and e2. There is just one invariant subspace of V , namely U =
〈e1 + e2〉, and both U and V/U afford the trivial representation 1G. But the given
representation is clearly not equivalent to the direct sum of two copies of the trivial
representation.

2 Schur’s Lemma
The other foundation on which ordinary representation theory stands is Schur’s
lemma. I will prove a version of this, but I will not give all details of how it is
used to prove the results which follow.

Let ρ : G→GL(V ) be a representation over a field F . Its centraliser is the set
of linear maps on V which commute with ρ(g) for all g ∈ G. This set is clearly
closed under addition, scalar multiplication, and multiplication (composition) of
linear maps; so it is an algebra over F . It is also called the endomorphism alge-
bra of ρ . (We defined isomorphisms between two representations; by deleting the
condition that the map is invertible we would have the definition of a homomor-
phism; and a homomorphism from a representation to itself is an endomorphism.)

Theorem 2.1 (Schur’s lemma) The centraliser of an irreducible representation
over F is a division ring which is finite-dimensional over F.
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Proof Let T be an endomorphism. It is easy to check that the image and kernel
of T are ρ(G)-invariant. So by the irreducibility of ρ , each must be either V or
{0}. So there are two cases:

• Ker(T ) =V , Im(T ) = {0}. Then T is the zero map.

• Ker(T ) = {0}, Im(T ) = V . In this case T is invertible, and it is readily
checked that its inverse is also an endomorphism of ρ .

Thus the centraliser of ρ is a ring in which every non-zero element is invertible,
that is, a division ring. Also, the centraliser is an F-algebra, and is finite dimen-
sional since it is contained in the n2-dimensional matrix algebra over F . �

This explains why we require the condition that F is algebraically closed. In
this case, the only finite-dimensional division ring over F is F itself. So we have:

Corollary 2.2 If ρ is an irreducible representation over an algebraically closed
field F, then the centraliser of ρ consists of scalar matrices only. �

Remark If F = R, there are three finite-dimensional division algebras over F ,
namely R, C, and H (the quaternion algebra). This means that there are three
types of irreducible representations over R, which adds significant complications
to the theory (though also provides extra valuable information).

3 Characters
From now on G is a finite group and F = C.

The character of a representation ρ is the function χρ : G→ C given by

χρ(g) = Trace(ρ(g)).

Recall that the trace of a matrix is the sum of its diagonal elements, and that
Trace(AB) = Trace(BA), so that Trace(B−1AB) = Trace(A). This implies that,
given a representation of G, the character is independent of the basis used to ex-
press the linear maps ρ(g) as matrices.

An irreducible character is the character of an irreducible representation.
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Remarks 1. χρ(1) is the degree of the representation ρ , since the identity ele-
ment of G is represented by the identity matrix.

2. The character of the trivial representation 1G is the function which maps
every group element to 1.

3. Any character is a linear combination of irreducible characters with non-
negative integer coefficients. This is because, by Maschke’s Theorem, any repre-
sentation is a direct sum of irreducible representations, and the trace is additive
over direct sums.

The equation Trace(B−1AB) = Trace(A) has two further consequences:

Proposition 3.1 (a) Equivalent representations have the same character.

(b) A character of G is constant on any conjugacy class of G. �

A function which is constant on conjugacy classes is called a class function.
Thus, any character is a class function. The set of class functions is a vector space
whose dimension is equal to the number of conjugacy classes of G. On this vector
space, there is a positive definite Hermitian inner product, defined by

〈 f1, f2〉G =
1
|G| ∑g∈G

f1(g) f2(g).

Now the following fundamental theorem can be proved by a fairly lengthy
argument using Schur’s Lemma:

Theorem 3.2 (a) The irreducible characters form an orthonormal basis for the
space of class functions (with respect to the above inner product).

(b) Two representations of G are equivalent if and only if their characters are
equal. �

We see that, for any irreducible representation ρ , the coefficient of χρ in the
expression for χσ is equal to the inner product of χρ and χσ .

We also see that, unless we actually need details of the representing matrices,
the characters of the irreducible representations carry full information.

Corollary 3.3 The number of irreducible characters of a group G is equal to the
number of conjugacy classes.

For the irreducible characters form a basis for the space of class functions.
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4 The regular representation
There is a particularly important representation, the regular representation R of
G. This acts on a |G|-dimensional vector space with a basis consisting of symbols
vh for h ∈ G; the action is defined by

vhR(g) = vhg.

The character of the regular representation is easy to compute:

χR(g) =
{ |G| if g = 1,

0 otherwise.

For if g = 1, it is represented by the identity, whose trace is equal to the dimension
of the space; but, if g 6= 1, then hg 6= h for all h ∈ G, so the matrix R(g) has all its
diagonal entries zero.

Theorem 4.1 The regular representation of G is a linear combination of the irre-
ducible representations, with the multiplicity of each irreducible ρ being equal to
its degree.

Proof The multiplicity of an irreducible ρ in R is, as we saw above, equal to

〈χρ(g),χR(g)〉G =
1
|G| ∑g∈G

χρ(g)χR(g)

=
1
|G|

χρ(1)|G|

= deg(ρ),

using the formula above for the character of R. (Recall that the degree of a char-
acter χ is equal to χ(1).) �

Let Irr(G) denote the set of irreducible characters of G.

Corollary 4.2

∑
χ∈Irr(G)

χ(1)2 = |G|.
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Proof The character of the regular representation is given by

∑
χ∈Irr(G)

χ(1)χ.

Applying this to the element g = 1 gives the result. �

I conclude this section by stating another numerical result without proof:

Proposition 4.3 Let χ be an irreducible character of G. Then χ(1) divides |G|.

5 Permutation characters
Permutation characters are generalisations of the regular character of a group.
They are useful both in permutation group theory and in constructing characters
of a finite group.

Suppose we have a permutation action of G on a set Ω, with |Ω| = n. Asso-
ciated with this there is a permutation representation ρΩ of degree n: the vector
space V has a basis consisting of symbols vα for α ∈ Ω, with the representation
given by

vαρΩ(g) = vαg.

Let πΩ be the character of ρΩ. The matrix corresponding to ρΩ(g) has entries
1 corresponding to (vα ,vαg) for α ∈Ω and 0 elsewhere. The number of 1s on the
diagonal is equal to the number of points of Ω fixed by g, which we denote by
fixΩ(g), or just fix(g) if the permutation action is clear. So

πΩ(g) = fix(g).

Proposition 5.1 (a) The multiplicity of 1G in π is equal to the number of orbits
of G on Ω.

(b) The sum of squares of the multiplicities of irreducible characters in π is
equal to the number of orbits of G on Ω2, the set of ordered pairs of elements
of Ω.

Proof Both parts follow from the Orbit-Counting Lemma (sometimes mistakenly
called Burnside’s Lemma), which states that the number of orbits of G on Ω is the
average number of fixed points of the elements of G, that is,

1
|G| ∑g∈G

fix(g).
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This directly shows the first assertion. For the second, we note that the number of
points of Ω2 fixed by g is fix(g)2 = π(g)2, so the required number of orbits is

〈π2,1G〉G = 〈π,π〉G,

since π is a real-valued character; and this number is the sum of squares of the
multiplicities of the irreducibles. �

For example, suppose that G is 2-transitive on Ω, so that it has just two orbits
on Ω2, one consisting of pairs (α,α), and the other the pairs (α,β ) with α 6= β .
Thus 〈π,π〉G = 2, so π = 1G + χ , where χ is an irreducible character. This is
often useful in constructing irreducible characters for small groups, as we shall
see.

If G is not 2-transitive, things are not so simple. But it may happen, say, that
G is contained in the automorphism group of an undirected graph on n vertices. In
this case, the n-dimensional vector space is the direct sum of eigenspaces of the
adjacency matrix of the graph, and these spaces are G-invariant.

Donald Higman developed this simple idea into the theory of coherent config-
urations, one of whose purposes is to decompose permutation characters.

6 Abelian groups
An abelian group is contained in its own centraliser; so, by Schur’s lemma, its irre-
ducible representations consist of diagonal matrices, and are clearly 1-dimensional.
So an abelian group of order n has n irreducible characters of degree 1.

We can construct the characters (which in this case are essentially the same as
the representations) as follows.

First take G to be the cyclic group of order n generated by g. Any 1-dimensional
representation of G must map g to an nth root of unity, say ω , and so must map gi

to ω i for i = 0,1, . . . ,n−1. Since there are n distinct nth roots of unity in C, this
gives us the required n representations.

For the general case, we use the Fundamental Theorem of Finite Abelian
Groups, which asserts that every finite abelian group is a direct product of cyclic
groups. Now all the irreducible representations (and characters) of a direct prod-
uct A×B can be obtained as products of those of A and B. For suppose that we
have an irreducible representation ρA of A on VA, and an irreducible representation
ρB of B on VB. Then a representation ρ of A×B on VA⊗VB is given by

ρ((a,b)) = ρA(a)⊗ρB(b),
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and is irreducible; and its character is

χρ((a,b)) = χρA(a)χρB(b).

The sum-of-squares formula (Corollary 4.2) can now be used to show that we
obtain all irreducible representations in this way.

7 Examples
As an example, let us find the characters of the symmetric group S3. This group
has three conjugacy classes (with representatives 1, (1,2) and (1,2,3); and so it
has three irreducible characters.

We have a normal subgroup isomorphic to C3 (the alternating group), with
quotient C2. Now it is easy to see that, if N is a normal subgroup of G, then
an irreducible representation of G/N lifts in an obvious way to an irreducible
representation of G.

Thus we get two characters of S3 from the two characters of S3/C3, namely
the trivial character, satisfying

1S3(1) = 1S3((1,2,3)) = 1S3((1,2)) = 1,

and the sign character σ , satisfying

σ(1) = σ((1,2,3) = 1,σ((1,2)) =−1.

Also, S3 acts 2-transitively on the set {1,2,3}; the numbers of fixed points of
1, (1,2,3), and (1,2) are respectively 3, 0 and 1. So the third irreducible character
is given by

χ(1) = 2,χ((1,2,3)) =−1,χ((1,2)) = 0.

What about the symmetric group S4? This has five conjugacy classes, and so
five irreducible characters. We obtain three of them by lifting the three characters
of S4/V4 ∼= S3 we just found, and one by subtracting 1 from the permutation char-
acter. These characters have degrees 1, 1, 2, 3, with sum of squares 15; so the one
remaining character has degree 3. It can be found by various methods, perhaps
most simply by observing that the sum of the irreducibles, each with multiplicity
equal to its degree, is equal to the regular character.
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8 Symmetric groups
There is a well-developed theory of ordinary characters of symmetric groups, in-
volving a lot of combinatorics, which I will sketch in this section.

Two elements of Sn are conjugate if and only if they have the same number of
cycles of each length. So the conjugacy classes are parametrised by partitions λ

of n, that is, non-increasing sequences of positive integers with sum n, giving the
cycle lengths of an element of the conjugacy class. Thus the number of conjugacy
classes is the partition number p(n), the number of partitions of n. We write λ ` n
to mean “λ is a partition of n”.

So the number of irreducible characters of Sn is also equal to p(n), and it turns
out that the irreducible characters can also be parametrised by partitions of n.

There is a partial order on partitions of n, the dominance order, defined by the
rule that (m1, . . . ,mr)≤ (n1, . . . ,ns) if

i

∑
j=1

m j ≥
i

∑
j=1

n j (i = 1, . . . ,min{r,s}).

So suppose that λ ` n, where λ = (n1,n2, . . . ,nr). We define the correspond-
ing Young subgroup of Sn to be the group Sn1 × Sn2 × ·· · × Snr . Let πλ be the
permutation character of G on the cosets of Sλ . (We can also interpret this as the
action on partitions of shape λ , provided that parts of the same length may not
be interchanged.) Let σ be the sign character of Sn, which is induced from the
non-trivial character of Sn/An ∼= C2; in other words, σ takes the value 1 on even
permutations and −1 on odd permutations. Let τλ = πλ ·σ . Now the following
holds:

Theorem 8.1 Let λ ` n. Then there is a unique irreducible character χλ of Sn
such that

(a) χλ is a constituent of πλ (with multiplicity 1) and is the unique constituent
of πµ for any µ which is above λ in the dominance order.

(b) χλ is the only irreducible constituent of both πλ and τλ . �

Here is an example to show how it works. Let λk = (n− k,k) for k ≤ n/2.
Then Sλ is the stabiliser of a k-set. For k ≤ l ≤ n/2, the number of Sn-orbits on
pairs (K,L) with |K|= k and |L|= l is k+1, since the orbit containing such a pair
is determined by |K ∩L|, which takes any value from 0 to k. We see that πλk is
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the sum of k+ 1 irreducibles χλh for h = 0,1,2, . . . ,k. The degree of λk is thus(n
k

)
−
( n

k−1

)
for k ≥ 1; λ0 is the trivial character.

A consequence of this is a result of Livingstone and Wagner. For k≤ l ≤ n/2,
πk is contained in πl; this remains true on restriction to any subgroup G of Sn. So
if a permutation group of degree n is transitive on l-sets, then it is transitive on
k-sets. (There is a direct combinatorial proof of this but it is more technical.)

More generally, there are two famous formulae for the degree of χλ . This
number is usually denoted by f λ . For this we need a few definitions. The Young
diagram or Ferrers diagram associated with a partition λ = (n1,n2, . . . ,nr) con-
sists of left-aligned rows of boxes containing n1,n2, . . . ,nr boxes. Associated with
any box B in the diagram is a hook, consisting of the box B together with all boxes
which are either below or to the right of B. The hook length associated with B is
the number of boxes in the hook. A (standard) Young tableau is the result of plac-
ing the numbers 1,2, . . . ,n in the boxes in such a way that the numbers increase
along any row or down any column.

Theorem 8.2 Given λ ` n, each of the following gives the value of f λ :

(a) the number of Young tableaux using the Young diagram of λ ;

(b) n! divided by the product of the hook lengths associated with all the boxes
of the diagram. �

Here is a very small example. Let λ be the partition λ = (2,2) of 4. There are
two Young tableaux, shown in the next diagram:

1 2
3 4

1 3
2 4

Also the four hook lengths are shown in the next diagram:

3 2
2 1

Now 4!/3.2.2.1= 2. So the character χλ has degree 2. In this particular case it
also follows from the example before the theorem that its degree is

(4
2

)
−
(4

1

)
= 2.

The hook length formula shows that f λ divides n! for any λ ` n. The other nu-
merical formula, ∑( f λ )2 = n!, is illustrated by the Robinson–Schensted–Knuth al-
gorithm, which establishes a bijection between the permutations of {1, . . . ,n} and
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the set of ordered pairs of Young tableaux (S,T ) with the same Young diagram.
This bijection also has algebraic and combinatorial consequences. Algebraic: if a
permutation g corresponds to the pair (S,T ) of tableaux, then g−1 corresponds to
the pair (T,S). Combinatorial: the number of boxes in the first row of S (and T )
is equal to the longest increasing subsequence in the permutation.

9 Restriction and induction
As hinted above, if χ is any character of a group G and H is a subgroup of G, we
obtain a character of H by restriction. We denote it by χ|H .

There is a process in the other direction called induction for taking a character
of H and producing a character of G. It is not the inverse process of restric-
tion. In fact it is a generalisation of the permutation character. The group G acts
transitively on the set of right cosets of H (and indeed every transitive action is
isomorphic to one of this form). Now the character of G induced from the trivial
character 1H of H will be the permutation character of this action.

In general, let t1, t2, . . . , tn be coset representatives for H in G. We may assume
that the representative of the coset H is the identity. Now let ρ be a representation
of H. We construct a matrix in block form, where there are n blocks in each
row and each column, and the size of a block is the degree of ρ . Now take any
element g ∈ G, and suppose that tig lies in the coset Ht j. Then the block in row i
and column j of the block matrix is ρ(tigt−1

j ). (Note that the argument is indeed
an element of H.) All other blocks are zero. It can be checked that this is a
representation of G.

Suppose that ψ is the character defined by ρ . The diagonal blocks of the
matrix representing g correspond to those values of i for which tigt−1

i ∈ H; so the
corresponding character of G (which we denote by ψ|G) has value on g given by

∑
i

ψ(tigt−1
i ),

where the sum is over all i for which tigt−1
i ∈ H. So the character vanishes on

elements which have no conjugate in H.
The two processes are connected by an important theorem:

Theorem 9.1 (Frobenius reciprocity theorem) Let H be a subgroup of G, and
let χ and ψ be characters of G and H respectively. Then

〈χ,ψ|G〉G = 〈χ|H ,ψ〉H .
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10 The character table
Let G be a group of order n, with r conjugacy classes, and so r irreducible char-
acters. The character table of G is the r× r matrix K, with rows indexed by the
irreducible characters and columns by the conjugacy classes, whose (χ,C) entry
is χ(g) for g ∈ C. (We usually regard the labels as part of the structure of the
character table.)

The orthonormality of characters shows that

KDK> = |G|Ir,

where D is the diagonal matrix whose entries are the conjugacy class sizes. It
follows that K is invertible, and hence

K>K = |G|D−1 = Z,

where Z is the diagonal matrix whose entries are the orders of the centralisers of
the elements in the conjugacy classes. (This follows because G acts on each con-
jugacy class C = xG transitively by conjugation; the stabiliser of x is its centraliser
CG(x), so |G|/|C|= |CG(x)|.)

For example, the character table of S3 is1 1 1
1 1 −1
2 −1 0

 ,
where the rows are indexed by the trivial character, the sign character, and the
degree-2 constituent of the permutation character, and the columns by the identity,
the class of 3-cycles, and the class of transpositions.

11 Applications
The first book on group theory in English was Burnside’s Theory of Groups of
Finite Order, published in 1897. In the Preface to the book, he said,

It may then be asked why, in a book which professes to leave all
applications on one side, a considerable space is devoted to substi-
tution groups [permutation groups]; while other particular modes of
representation, such as groups of linear transformations, are not even
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referred to. My answer to this question is that while, in the present
state of our knowledge, many results in the pure theory are arrived
at most readily by dealing with properties of substitution groups, it
would be difficult to find a result that could be most directly obtained
by the consideration of groups of linear transformations.

However, by the time the second edition appeared in 1911, he had completely
changed his opinion:

Very considerable advances in the theory of groups of finite order
have been made since the appearance of the first edition of this book.
In particular the theory of groups of linear substitutions has been the
subject of numerous and important investigations by several writers;
and the reason given in the original preface for omitting any account
of it no longer holds good.

In this final section I will describe three such results. The first can be stated in
two equivalent forms:

Theorem 11.1 (Frobenius’ Theorem) (a) Let H be a proper subgroup of G,
and suppose that H ∩ g−1Hg = {1} for all g /∈ H. Then H has a normal
complement in G; that is, there is a subgroup N, normal in G, and satisfying
HN = G and H ∩N = {1}.

(b) Let G be a transitive permutation group in which the stabiliser of a point is
non-trivial but the stabiliser of any two points is the identity. Then G has a
regular normal subgroup. �

For a hint about the equivalence of these properties: If G satisfies the hypothe-
ses of (b), let H denote the stabiliser of a point α . If g /∈H, then Hg is the stabiliser
of β = αg 6= α , and so H ∩Hg is a two-point stabiliser. In the other direction, if
H is a subgroup of G satisfying the conditions of (a), let G act on the set of right
cosets of H by right multiplication.

A group G satisfying the hypotheses and conclusions of this theorem is called
a Frobenius group.

It is well known that a group of prime power order is nilpotent. This is not
true for groups with orders divisible by two primes; but we have:

Theorem 11.2 (Burnside’s paqb theorem) A group whose order is divisible by
only two primes is soluble. �

14



Finally, another theorem of Burnside:

Theorem 11.3 A transitive permutation group of prime degree p is either soluble
or 2-transitive. �

In the soluble case, such a group is a Frobenius group, and has the form

{x 7→ ax+b : b ∈ F,a ∈ A},

where the elements are permutations of the field F of integers mod p, and A is a
subgroup of the multiplicative group of F.

12 Going further
Of course this is not the end of the story. Apart from further developments of ordi-
nary character theory and its applications (for example, for many of the sporadic
simple groups, construction of the character table preceded the actual construction
of the group and gave useful information for this task), mathematicians have re-
laxed the conditions of algebraic closure and characteristic not dividing the group
order. I will say a little about each of these.

I mentioned already the fact that there are three kinds of irreducible represen-
tations over R, depending on whether the centraliser of the representation is R,
C, or H. These three types have an alternative description, depending on what
happens when we enlarge the field to C. In the first case, the representation re-
mains irreducible; in the second, it splits into two distinct irreducibles; and in the
third, it splits into two equivalent irreducibles. The Frobenius–Schur index of the
representation is defined to be +1, 0, or −1 respectively in the three cases. This
index can be transferred to the complex constituents of the representation: in the
first case, it can be written over R; in the second, the character is non-real; and in
the third, the character is real but the representation cannot be written over R. Let
ε(χ) be the Frobenius–Schur index of the irreducible character χ .

One piece of information which can be extracted from this is the following
theorem.

Theorem 12.1 The number of solutions of g2 = 1 in the finite group G is given by

∑
χ∈Irr(G)

εχ χ(1).
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For example, the dihedral and quaternion groups of order 8 both have character
degrees 1,1,1,1,2. The characters of degree 1 are real, since G/G′ is the Klein
group. The character of degree 2 is real in the case of the dihedral group and
quaternionic for the quaternion group. So the number of solutions of g2 = 1 is 6
in the dihedral group and 2 in the quaternion group.

For other fields, such as algebraic number fields, things are much more com-
plicated, and I will not attempt a summary.

The other and very important development is modular representation theory,
which typically considers the case where K is a field whose characteristic p di-
vides |G|. The pioneer in this area was Richard Brauer, who developed “modular
character theory” along the lines of ordinary character theory. Since the work of
Sandy Green on representations of GL(n,q) in its natural characteristic, the focus
has shifted to modules rather than characters.

The typical analysis begins with the following data:

• k is an algebraically closed field of characteristic p 6= 0;

• O is a local ring with (unique) maximal ideal M such that O/M is isomor-
phic to k;

• K is the field of fractions of O, and is an algebraically closed field of char-
acteristic 0.

Thus, if G is a group whose order is divisible by p, then the representation theory
of G over K is ordinary representation theory; the representation theory over O
or k is modular representation theory. (The two cases are closely related but not
identical.)

In particular, the place of Maschke’s Theorem is taken by the theorem as-
serting that every irreducible kG-module S has a unique projective cover, a largest
projective module whose quotient by its unique maximal submodule is S. (A mod-
ule is projective if it is a direct summand of a free module.) One feature of the
theory is the Cartan matrix, whose rows are indexed by the irreducible modules
and whose columns by the projective indecomposables, where the entries give the
multiplicities of irreducibles as composition factors of the projective indecompos-
ables.

We saw the example of the cyclic group C2 in characteristic 2, where the only
irreducible module is the trivial module; its projective cover turns out to be the
free module of rank 1, that is, the module affording the regular representation of
C2. The Cartan matrix is (2).

But this is a different subject, and I will go no further.
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